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Abstract
We construct a class of simple, small knots in a handlebody of genus g, for any g > 1.
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1. Introduction
All manifolds in this paper are orientable. All submanifolds are embedded and proper
(F ⊂ M is proper if F ∩ ∂M = ∂F ), unless otherwise specified. A connected 1-manifold
(an arc or a circle) on a surface F is non-trivial if it does not separate a disc from F .
Let M be a compact 3-manifold and F be a properly embedding surface in M . Say F is
compressible if either F is a 2-sphere which bounds a 3-ball, or there is a non-trivial circle
in F which bounds a disk in M; otherwise, F is incompressible. Say F is ∂-compressible
if there is a non-trivial arc a in F , with an arc b in ∂M , bounds a disk D in M such
that D ∩ F = a; otherwise, F is ∂-incompressible. An incompressible, ∂-incompressible
surface in M is essential if it is not parallel to ∂M .
Say M is irreducible if it contains no essential 2-spheres; M is ∂-irreducible if ∂M
is incompressible; M is atoroidal if it contains no essential tori; M is anannular if it
contains no essential annuli. Say M is simple if M is irreducible, ∂-irreducible, anannular
and atoroidal. A knot K in M is simple if MK , the complement of K in M , is simple.
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A 3-manifold M is small if M contains no essential closed surface. A knot K in M is
small if MK is small.
The result of this paper is the following:
Theorem 1. There is a class of simple, small knots in a handlebody of any genus.
Comments on Theorem 1. (1) A topic in 3-manifold topology is if one can tell the
existence of essential surfaces in M for a given 3-manifold M . The argument used in this
paper has a potential to provide a method to detect if the complements of 1-bridges knot in
handlebodies contain essential surfaces. Note that 1-bridge knots in handlebodies can be
viewed as a simplest class of non-trivial knots in a simplest class of 3-manifolds.
(2) Up to the authors’ knowledge, no examples of simple small knots in the handlebody
of genus > 1 were explicitly presented. The study of small knots in handlebody may be
related the so-called Lopez Conjecture: Every closed small 3-manifolds contains a small
knot [4]. Moreover a main result in [1] claim that any 3-manifold with boundary of positive
genus and not covered by surf ace× I has a finite cover which contains essential surfaces.
This result is meaningful since there are such 3-manifolds containing no essential surfaces.
Theorem 1 provides a family of such 3-manifolds which are very concrete (stay in the
3-space).
(3) Suppose M is a simple 3-manifold with ∂M = ∅. By Thurston’s theorem, M admits
a complete finite volume hyperbolic structure with totally geodesic boundary (with torus
components in ∂M removed) [5].
Outline of the proof of Theorem 1 and organization of the paper. We first construct
a class of knots K in a handlebody H of any genus in Section 2. Section 3 is devoted to
prove that the complement of K is irreducible, ∂-irreducible and anannular. In Section 4,
we shall prove that the complement of K contains no essential closed surface.
A result in [2] is quoted in Section 3, which is used to shorten the argument of case 2 in
the proof of Lemma 3.4. Up to this result and the knowledge in the beginning of standard
textbooks of 3-manifolds, the paper is self-contained. Even so, the argument of case 1(2)
in the proof of Lemma 3.4 is used by Gordon–Litherland in middle 1980s.
2. A class of knots in a handlebody of genus n
Suppose X1 and X2 are connected proper sub-manifolds of M with complementary
dimensions and meet transversely. Let ‖X1,X2‖ be the absolute value of their algebraic
intersection number. Since all manifolds are orientable, ‖X1,X2‖ is well defined. For a
compact manifold X, |X| denotes the number of components of X. If X is an arc or an
annulus, we often use ∂1X to denote one component of ∂X and ∂2X to denote another.
Now let H be a handlebody of genus n and {E1, . . . ,En} be a set of separating disks in
H as in Fig. 1. Those disks separates H into n solid tori J1, . . . , Jn and a 3-ball B3∗ . We
denote by Bi the basis disk of Ji as in Fig. 1. Now suppose that
R. Qiu, S. Wang / Topology and its Applications 144 (2004) 211–227 213Fig. 1.
Fig. 2.
(i) ai, bi are two circles in ∂Ji such that ‖ai,Bi‖ = 1, ‖bi,Bi‖ = yi > 2 and ai intersects
bi in one point in Ei as in Fig. 2 for 1 i  n − 1,
(ii) an, bn are two circles in ∂Jn such that ‖an,Bn‖ = 1, ‖bn,Bn‖ = yn > 2 and an
intersects bn in two points such that one of them lies in En when n is odd as in Fig. 3(a),
and both of them lie in ∂Jn − intEn when n is even as in Fig. 3(b).
We denote by ki the arc ai ∩ (∂Ji − intEi) and li the arc bi ∩ (∂Ji − intEi). Now let
C =⋃ni=1(ki ∪ li ∪ ei ∪ fi) be a closed curve in ∂H such that
(1) If n is odd, then ei is the arc connecting the end points of ki and li+1, fi is the arc
connecting the end points of li and ki+1 (mod (n)) for 1 i  n. See Fig. 4(a).
(2) If n is even, then ei is the arc connecting the end points of ki and li+1, fi is the arc
connecting the end points of li and ki+1 (mod (n)) for i = n − 1; en−1 is the arc
connecting the end points of kn−1 and kn and fn−1 is the arc connecting the end points
of ln−1 and ln. See Fig. 4(b).
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Fig. 4.
Now let K be the knot obtained by pushing C into intH in the following way: First push
ln into intJn deeply, and then push C − ln slightly into intH so that ln is under crossing
kn.
Now by the construction,
⋃
Ei cuts K into 4n arcs, say, k′1, . . . , k′n,l′1, . . . , l′n, e′1, . . . , e′n,
f ′1, . . . , f ′n, where k′i is the image of ki after pushing and so on. Let N(K) = K × D
be a regular neighborhood of K in H and HK = H − intN(K), Fi = Ei − intN(K).
Then
⋃
Fi separates HK into n + 1 manifolds M0,M1, . . . ,Mn where M0 = HK ∩ B3∗
and Mi = Ji ∩ HK for 1  i  n. Moreover ⋃Fi separates T = ∂N(K) into 4n annuli
Ak1, . . . ,Akn,Al1, . . . ,Aln,Ae1, . . . ,Aen , Af1, . . . ,Afn , where Ami = ∂N(K)∩ (m′i ×D),
m = k, l, e, f and i = 1, . . . , n.
Moreover K and C bound a non-embedded annulus A∗ which is cut by
⋃
Ei into
4n disks Dk1∗, . . . ,Dfn∗, where ∂Dmi∗ is a union of two arc in Ei ∪ Ei+1 and the
two arcs mi,m′i . Note D∗ =
⋃
{m,i}={l,n} Dmi∗ is still a disc. Let Dmi = Dmi∗ ∩ HK for{m, i} = {l, n}. Then Dmi is a proper disc in some Mi or M0. Now for {m, i} = {l, n},
we denote by N(Dmi ∪ Ami ) the regular neighborhood of Dmi ∪ Ami in Mj . Let Wmi =
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∂N(Dmi ∪ Ami ) − ∂Mj . Then Wmi is a disk such that two arcs in ∂Wmi are parallel in
∂Mj ∩ ∂H and the other two arcs in ∂Wmi , denoted by w1mi and w2mi , lie in Fj ∪ Fj+1 as
in Fig. 5. Note that if m = k, l, then w1mi ,w2mi ⊂ Fi . Without loss of generality, we assume
that w1mi ⊂ Fi and w2mi ⊂ Fi+1 when m = e, f .
Now π1(H) = (y1, . . . , yn) is a free group of rank n, where yi is as in Fig. 1. By
observation we have the following lemma:
Lemma 2.1.
(0) D =⋃Dmi and W =
⋃
Wmi are (non-proper) disks where {m, i} = {l, n}.
(1) K is not contractible in H .
(2) There is no relative homotopy on (Ji,Ei) which either sends k′i (respectively l′i ) to Ei ;
or sends k′i to l′k . (Equivalently that ai = 1, bi = 1, and ai = bi in π1(Ji).)
(3) Suppose Ami , Am′i′ ⊂ Mj , j = 0,1, . . . , n, and Ami = Am′i′ . Then the meridians of
Ami and Am′i′ are not homotopic in Mj .(4) If B is a proper disc in Ji with |B ∩ Ei | 2 and B ∩ (k′i ∪ l′i ) = ∅, then B separates a
3-ball from Ji .
Proof. The proofs of (0)–(3) are direct.
(4) If B is a separating disk in Ji , then B separates a 3-ball from Ji , since Ji is a solid
torus. So we need only to show that each non-separating disk in Jk does not meet the
inequality in (4).
Note each component of B ∩ Ei is an arc. May suppose B is non-separating and B
meets Ei in two arcs dj , j = 1,2 (the remaining cases are more directly). Let l∗i be an
arc in Ei connecting the two endpoints of l′i . Then l∗i ∪ l′i is isotopic to bi in Ji . Hence‖l∗i ∪ l′i ,B‖ = yi > 2. Hence
2 <
∥∥B, l∗i ∪ l′i
∥∥ ∥∥B, l′i
∥∥+ ∥∥∂B, l∗i
∥∥= ∥∥B, l′i
∥∥+ ∥∥d1, l∗i
∥∥+ ∥∥d2, l∗i
∥∥.
By Jordan Curve Theorem, ‖dj , l∗i ‖ 1. Hence ‖B, l′i‖ > 0, a contradiction. 
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Below we simply use “May assume . . . ” to replace “Without loss of generality, we
assume . . . ”.
3. HK is irreducible, ∂-irreducible and anannular
Lemma 3.1. HK is irreducible.
Proof. Since H is irreducible, Lemma 3.1 follows from Lemma 2.1(1). 
Lemma 3.2.
⋃
Fi is incompressible and ∂-incompressible.
Proof. Suppose first that
⋃
Fi is compressible in HK . Then there is a disk B in HK such
that B ∩ (⋃Fi) = ∂B and ∂B is a non-trivial circle in ⋃Fi . May assume that ∂B ⊂ F1.
Then B is either in M0 or M1. Denote by B ′ the disk bounded by ∂B in E1. Then B ∪B ′ is
a 2-sphere S which bounds a 3-ball B3 in J1 or B3∗ . Since ∂B is essential in F1, B ′ contains
at least one component of ∂F1 − ∂E1. Now there are two cases:
Case 1. S ⊂ J1. May assume that one component of ∂k′1 is contained in B ′. Since S
is separating and k′1 is connected, we must have (k′i , ∂k′i) ⊂ (B3,B ′), which provides a
relative homotopy of (J1,E1) sending k′1 to E1, which contradicts to Lemma 2.1(2).
Case 2. S ⊂ B3∗ . May assume that one component of ∂e′1 lies in B ′. Then the two
components of ∂e′1 lie in distinct sides of S, but e′1 is disjoint from B , a contradiction.
Suppose then that
⋃
Fi is ∂-compressible. Then there is a non-trivial arc a in
⋃
Fi
which, with an arc b in ∂HK , bounds a disk B in HK with B ∩ (⋃Fi) = a. May assume
that a ⊂ F1. Then B is either in M1 or M0. Now there are two cases:
Case 3. B ⊂ M1. There are two subcases:
(1) b ⊂ T . Then b is a proper arc in Ak1 or Al1 , say Ak1 . Now either b is trivial in
Ak1 , then a and an arc b′ in ∂Ak1 form a non-trivial circle in F1 but bounds a disk in M1,
which contradicts the incompressibility of F1 we just proved; or b is non-trivial in Ak1 ,
then a1 = 1 in π1(J1), which contradicts Lemma 2.1(2).
(2) b ⊂ ∂H . Since |B ∩ E1| = 1 , B separates a 3-ball B31 from J1 by Lemma 2.1(4).
Since a is non-trivial in F1, one of k′1 and l′1, say k′1, lies in B
3
1 as we argued in case 1.
Then a1 = 1 in π1(J1), which contradicts Lemma 2.1(2).
Case 4. B ⊂ M0. Now B separates B3∗ and there are two subcases:
(1) b ⊂ T . May assume that b ⊂ Ae1 . Since the two components ∂Ae1 lie in distinct
components of
⋃
Fi , b is a trivial arc in Ae1 . Hence a and an arc b′ in ∂Ae1 , form a non-
trivial circle in F1 but bounds a disc in M0, which contradicts the incompressibility of
F1.
(2) b ⊂ ∂H . If b is trivial in M0 ∩ ∂H , since a is non-trivial in F1, then for one
of e′1, e′n, f ′1, f ′n, say e′1, its two ends lie in distinct sides of B , hence e′1 ∩ B = ∅, a
contradiction. If b is non-trivial in M0 ∩ ∂H , then for some i , ∂Ei and ∂Ei+1 lie in distinct
sides of B , hence ei ∩ B = ∅, a contradiction. 
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Lemma 3.3. HK is ∂-irreducible.Proof. Suppose HK is ∂-reducible. Let B be a compressing disk of ∂HK . If ∂B ⊂ T , then
HK contains an essential 2-sphere, a contradiction.
Below we assume that ∂B ⊂ ∂H . Furthermore, we assume that∣∣∣B ∩
(⋃
Fi
)∣∣∣ is minimal among all compressing disks of ∂Hk. (∗)
Suppose first that B ∩ (⋃Fi) = ∅. May assume that B ⊂ M1 or B ⊂ M0.
Case 1. B ⊂ M1. Since |∂B,E1| = 0, by Lemma 2.1(4) B separates a 3-ball B31 from J1,
and moreover ∂B is isotopic to ∂E1. So a1 = b1 = 1 in π1(J1), a contradiction.
Case 2. B ⊂ M0. Since ∂B is non-trivial in ∂H , ∂B separates ∂B3∗ into two disks D1 and
D2 such that for some i , Ei ⊂ D1 and Ei+1 ⊂ D2. Then e′i ∩ B = ∅, a contradiction.
Now we suppose that B ∩ (⋃Fi) = ∅. By the assumption (∗) and Lemma 3.2, each
component of B ∩ (⋃Fi) is an arc. Let a be an outermost arc of B ∩ (⋃Fi) in B . Then
a and an arc b in ∂B bound a disk B0 in B such that B0 ∩ (⋃Fi) = a. May assume that
a ⊂ F1. The arc a must be essential in F1; otherwise, by doing a surgery, we can find a
compressing disk B ′ of HK such that |B ′ ∩ (⋃Fi)| < |B ∩ (⋃Fi)|, which contradicts to
(∗). Then either B0 ⊂ M1 or B0 ⊂ M0.
Case 3. B0 ⊂ M1. Since |∂B0,E1| = 1, by Lemma 2.1(4), B0 separates a 3-ball from J1.
Since a is non-trivial in F1, this case is ruled out by the argument of case 3(2) in proving
Lemma 3.2.
Case 4. B0 ⊂ M0. Since a is non-trivial in F1, this case is ruled out by the argument of
case 4(2) in proving Lemma 3.2. 
Lemma 3.4. HK is anannular.
Proof. Suppose HK contains a non-trivial annulus A. Assume that∣∣∣A ∩
(⋃
Fi
)∣∣∣ is minimal among all essential annuli in HK. (∗∗)
By (∗∗) and Lemma 3.2, each component of A ∩ (⋃Fi) is non-trivial in both A and⋃
Fi . Let µ be the meridian circle of T . There are three cases:
Case 1. ∂A ⊂ T . Now there are two subcases:
(1) ‖∂A,µ‖ = 0. May assume ∂A ∩ (⋃Fi) = ∅. Then A∩ (⋃Fi) consists of circles.
Suppose first A∩(⋃Fi) = ∅. May assume that A is contained in Mi . By Lemma 2.1(3),
∂A ⊂ Ami . Recall the disks Dmj , where {m,j } = {l, n}. Since A is essential, A∩Dmj = ∅.
Since each component of ∂Mi −⋃Dmj is a disc for 0 i  n−1, A ⊂ Mn. Now let M ′ be
the manifold obtained by cutting Mn along Dkn . Then A is still an incompressible annulus
in M ′ and Dl∗n ∩ M ′ become a proper embedding disk D′ln in M ′ after cutting such that
∂D′ln ∩Aln is a non-trivial arc of Aln . Since ∂A ⊂ Aln , A∩D′ln is an arc in both A and D′ln .
Thus M ′ contains a ∂-compressing disk of A which is also a ∂-compressing disk of A in
Mn. Hence A is not essential in Mn, a contradiction.
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Suppose then A ∩ (⋃Fi) = ∅. Let a be an outermost circle in A ∩ (⋃Fi). Then a and
∂1A bound an annulus A∗ in A such that intA∗ is disjoint from
⋃
Fi . May assume that
a ⊂ F1. Then A∗ ⊂ M1 or M0, say M1. Then ∂1A is contained in one of Ak1 and Al1 , say
Ak1 . Let B∗ be the disk bounded by a on E1 and D be the meridian disk of N(K) bounded
by ∂1A. Then B∗ ∪ A∗ ∪ D is a separating 2-sphere S2 which bounds a 3-ball B31 ⊂ J1.
If ∂1l1 ⊂ B∗, then ∂2l1 ⊂ B∗, and hence b1 = 1 in π1(H), a contradiction. Now only one
component of ∂Ak1 , say ∂1Ak1 , is contained in B∗. Then a, with ∂1Ak1 , bounds an annulus
A′ in F1. By pushing (A−A∗)∪A′ to a suitable side of F1, |A∩ (⋃Fi)| is reduced, which
contradicts (∗∗).
(2) ‖µ,∂1A‖ 1.
Now each component of A ∩ (⋃Fi) is non-trivial in A. For the moment re-numbering
those Ami ’s by A1,A2, . . . ,A4n so that they appear in T consecutively. Now A ∩ (
⋃
Fi)
cuts A into 4n∆(µ, ∂1A) rectangles and each rectangles has two opposite edges in Ai
and Aπ(i), where π(i) = i + l (mod (4n)). If l = 0, then the two ends of each arc of
A ∩ (⋃Fi) lie in a same component of ∂(⋃Fi), and an inner most arc is trivial in (⋃Fi)
(see [3]), thus A is not essential, a contradiction. If l = 0 (mod (4n)), then one of the 4n
rectangles above provided a relative homotopy on (J1,E1) which sends k′1 to l′1, contradicts
to Lemma 2.1(2).
Case 2. ∂1A ⊂ T and ∂2A ⊂ ∂H .
By Lemma 3.3, both ∂H and T are incompressible in HK . Clearly HK is not
homeomorphic to T × I . Since both Dehn fillings along µ and ∂1A compress ∂HK , by
an important theorem in Dehn filling, ∆(∂1A,µ) 1 (see [2, 2.4.3]). There are two sub-
cases.
(1) ‖∂1A,µ‖ = 0. Since ∂1A is disjoint from⋃Fi , ∂2A is disjoint from⋃Fi (otherwise
there is an arc in A ∩ (⋃Fi) with two ends in ∂2A which is trivial in A). Then it follows
that A is disjoint from ⋃Fi by the proof of case 1. May assume that A is contained in M0
or Mn. Let D be the meridian disk of N(K) bounded by ∂1A and B = A ∪∂1A D. Then B
is a proper disc in B3∗ or Jn, and ∂B is non-trivial in ∂H ∩ Jn or ∂H ∩ B3∗ .
Suppose first B ⊂ Jn. Since |B ∩ En| = 0, B separates a 3-ball from Jn by
Lemma 2.1(2). Then this case is ruled out by the argument of case 1 in proving Lemma 3.3.
Suppose then B ⊂ B3∗ . Since ∂B is non-trivial in ∂H ∩ M0, then this case is ruled out
by the argument of case 2 in proving Lemma 3.3.
(2) ‖∂1A,µ‖ = 1. Then A is cut by ⋃Fi into 4n rectangles Smj , each Smj has two
opposite sides in
⋃
Fi and remaining two sides non-trivial arc pmj in Amj and p∗mj ⊂ ∂H .
Let α1 be an arc in Fn connecting the two endpoints of p∗kn and α2 be an arc in Fn
connecting the two endpoints of p∗ln . Then ‖α1 ∪p∗kn , α2 ∪p∗ln‖ 1. It is easy to see that in
∂Jn, α1 ∪ p∗kn is isotopic to an and α2 ∪p∗ln is isotopic to bn. Since ‖an, bn‖ = 2, we reach
a contradiction.
Case 3. ∂A ⊂ ∂H .
Suppose first that A∩(⋃Fi) = ∅. Then A is contained in one of M0, M1, . . . ,Mn. Since
A is essential, A is disjoint from Dmj for {m,j } = {l, n}. Since for i = n, each component
of Mi ∩ ∂H −⋃Dmj is a disk, may assume that A ⊂ Mn. Since A is disjoint from Dkn ,
each component of ∂A is isotopic to an. Thus each component of ∂A intersects Bn in only
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one point in Jn. Hence A is also an incompressible annulus parallel to each component of
∂Jn − ∂A in Jn. Hence A is not essential in Mn, a contradiction.
Now suppose that A ∩ (⋃Fi) = ∅. Now there are two subcases:
(1) Each component of A ∩ (⋃Fi) is a non-trivial circle. Now let a be an outermost
component of A ∩ (⋃Fi). Then ∂1A and a bound an annulus A∗ in A such that
A∗ ∩ (⋃Fi) = a. May assume a ⊂ F1. Then A∗ ⊂ M1 or M0. We denote by B∗ the disk
bounded by a in E1. Denote the disk A∗ ∪ B∗ by D∗. Let D be the proper disk obtained
from D∗ by pushing B∗ slightly into J1 or B3∗ according to A∗ ⊂ M1 or M0.
If D ⊂ J1, then D intersects each of k′1, l′1 in at most two points, hence D is separating
in J1 (otherwise D meet l′1 in y1 > 2 points), so A∗ is separating in J1. Then ∂1A is parallel
to ∂E1. We denote by A′ the annulus bounded by ∂1A and a in ∂J1. Since a is essential in
F1, B∗ contains at least one endpoint of k′1, l′1. Furthermore, ∂1k′1(∂1l′1) ⊂ B∗ if and only
if ∂2k′1(∂2l′1) ⊂ B∗. Now suppose that ∂1k′1 ⊂ A′. Then ∂2k′1 ⊂ A′. That means a1 = 1 in
π1(J1), a contradiction. Hence a is parallel to ∂E1 in F1 and we can push A∗ into M0 to
reduce |A∩ (⋃Fi)|, a contradiction.
If D ⊂ B3∗ , then both D and A∗ are separating in B3∗ . Let A′ be the annulus bounded by
∂E1 and a in E1. Then A′ and B∗ lie in distinct sides of A∗. Since a is non-trivial in F1,
B∗ contains at least one endpoint of e′1, f ′1, e′n, f ′n. If ∂1A is parallel to ∂E1, since e′1, f ′1 are
arcs connecting E1 to E2 and e′n, f ′n connecting E1 to En, all endpoints of e′1, f
′
1, e
′
n, f
′
n on
E1 are contained in B∗. Hence a is parallel to ∂E1 in F1. Thus we can push A∗ into M1 to
reduce |A ∩ (⋃Fi)|. If ∂1A is not parallel to ∂E1, then for some 1 < i < n, Ei and Ei+1
lies in distinct sides of D, but ei is connected, a contradiction.
(2) Each component of A ∩ (⋃Fi) is a non-trivial arc in A. Then ⋃Fi cuts A into
rectangles Sj in Mi , each Sj has two opposite sides in
⋃
Fi and remaining two sides in
∂H . May assume that n is odd, see Fig. 4(a) for relations among l′i , k′i , f ′i , e′i , i = 1, . . . , n,
and we will read the sub-index i mod n.
Assume first Sj ⊂ Mi for some i = 0. Since ‖Sj ,Ei‖ = 2, Sj separates a 3-ball Bj from
Ji by Lemma 2.1(4). By the fact that Sj is essential in Mi and Lemma 2.1(2), Bj contains
exactly one of two arcs l′i and k′i , say l′i , and each component of Bj ∩ Ei contains exactly
one end of l′i .
Assume then Sj ⊂ M0, and Sj ∩ Ei = ∅ for some i . Then Sj ∩ Ei separates Ei into
two disks Ei,1 and Ei,2. By the argument of the last paragraph, one of Ei,1 and Ei,2,
say Ei,1, contains exactly one endpoint of l′i , k′i , say ∂1l′i . Since l′i connects e′i−1 and f ′i ,
may assume that ∂1l′i = ∂1f ′i , where ∂1f ′i is an end of f ′i . Clearly Sj separates B3∗ into
two 3-balls, denoted by Bj,1 and Bj,2. May assume that Ei,1 ⊂ Bj,1. Then Ei,2 ⊂ Bj,2,
f ′i ⊂ Bj,1 and e′i ⊂ Bj,2. Since both f ′i and e′i are arcs connecting Ei and Ei+1, it follows
that Sj ∩Ei+1 = ∅. Since |Sj ∩ (⋃ni=1 Ei)| = 2, we have Sj ∩Eα = ∅ for each α = i, i+1.
Since both ends of k′i ⊂ Ei,2 ⊂ Bj,2, both k′i ∩ f ′i−1 and f ′i−1 ∩ Ei−1 are non-empty,
it follows that Ei−1 ∩ Bj,2 = ∅. Then Ei−1 ⊂ Bj,2 by the end of the last paragraph.
Inductively we get that Eα ⊂ Bj,2, or equivalently Eα ∩ Bj,1 = ∅, for each α = i, i + 1.
Hence Bj,1 contains exactly the arc f ′i among f ′i , e′i , i = 1, . . . , n, and each component of
Bj,1 ∩ (Ei ∪ Ei+1) contains exactly one end of f ′i .
It follows that K and a component of ∂A ⊂ ∂H bound an annulus, which contradicts
the proof of case 2. 
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4. HK contains no closed essential surfaceSuppose HK contains essential closed surfaces. We define the complexity on the
essential closed surfaces F in HK by the ordered pair (for the notation W see
Lemma 2.1(0))
C(F) =
(
|F ∩ W |,
∣∣∣F ∩
(⋃
Fi
)∣∣∣
)
.
Suppose F realizes the minimality of C(F). By the minimality of C(F) and the standard
argument in 3-manifold topology, we have
Lemma 4.1.
(1) Each component of F ∩ (⋃Fi) is a non-trivial circle in both F and ⋃Fi .
(2) Each component of F ∩ W is an arc connecting w1fn to w2fn−1 in W , see Fig. 6. Hence|F ∩ wjmi | is a constant for all {m, i, j }.
Suppose that P1 and P2 are two surfaces in a 3-manifold. A pattern of P1 ∩ P2 is a set
of arcs and circles representing isotopy classes of P1 ∩ P2 in Pi . For each isotopy class s,
we shall use ν(s) to denote the number of components in s.
Lemma 4.2.
(1) The pattern of F ∩ Fi is {xi1, xi2, xi3, ∂Aki , ∂Ali } as in one of Fig. 7(a) and (b) with
ν(xi2) = ν(xi3) for i = 1, . . . , n if n is odd, and for i = 1, . . . , n − 1 if n is even.
(2) The pattern of F ∩ Fn is {m1,m2,m3, ∂Akn, ∂Aln} as in one of Fig. 7(c) and (d) with
ν(m2) = ν(m3) if n is even.
Proof. By construction, for 1 i  n − 1 or i = n when n is odd, w1ki ,w2ki ,w1li ,w2li are as
in one of Fig. 7(a) and (b), and w1kn ,w2kn ,w1ln ,w2ln are in one of Fig. 7(c) and (d) when n is
even. Note that the four arcs w1ki ,w
2
ki
,w1li ,w
2
li
separate Fi into four annuli A1,A2,A3,A4
and a disk D such that ∂1Aki ⊂ A1, ∂2Aki ⊂ A2, ∂1Ali ⊂ A3 and ∂2Ali ⊂ A4. By the
minimality of |F ∩ W |, the pattern of F ∩ Aj is as in Fig. 8(a) and the pattern of F ∩ D
is as in Fig. 8(b). By Lemma 4.1(2), ν(d1) = ν(d3), ν(d2) = ν(d4), ν(d5) = 0. If ν(di) = 0
Fig. 6.
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Fig. 7.
for 1  i  4, then F ∩ Fi contains min{ν(d1), . . . , ν(d4)} components parallel to ∂Ei .
Remove all such components from the consideration below. (Hence for some j , ν(dj ) = 0.)
Now if ν(d1) = 0, then ν(d3) = 0. Thus F ∩ Fi , for 1 i  n − 1 or i = n when n is odd,
is as in Fig. 7(a) with ν(xi2) = ν(xi3) and F ∩ Fn is as in Fig. 7(c) with ν(m2) = ν(m3)
when n is even. Similarly if ν(d2) = 0, then F ∩ Fi , for 1 i  n − 1 or i = n when n is
odd, is as in Fig. 7(b) with ν(xi2) = ν(xi3) and F ∩Fn is as in Fig. 7(d) with ν(m2) = ν(m3)
when n is even. 
Lemma 4.3. Each component of F ∩ Mi is isotopic to one of Mi ∩ ∂H , Aki or Ali for
1 i  n − 1.
Proof. Note that Wki and Wli separates Mi into three solid tori J 1, J 2, J 3 such that
Aki ⊂ J 1,Ali ⊂ J 2. Let S = F ∩ Mi .
(i) If ν(xi1) = ν(xi2) = ν(xi3) = 0, then each component of ∂S is isotopic to one
component of ∂Aki ∪ ∂Ali . By the minimality of the complexity C(F), S is disjoint from
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Wki ,Wli . Thus each component of S lies in J 1 or J 2. Hence each component of S is an
annulus isotopic to either Aki or Ali .
(ii) Let ∂1S be the outermost component in xi1 in one of Fig. 7(a) and (b). Recall
the four annuli A1,A2,A3,A4 defined in the proof of Lemma 4.2. Let d1k = ∂1S ∩ A1,
d2k = ∂1S ∩ A2, d1l = ∂1S ∩ A3 and d2l = ∂1S ∩ A4. Let Sj = S ∩ J j . Then Sj is an
incompressible surface in J j . By Lemma 4.1, d1k ∪ d2k , with two arcs in S ∩ Wki , bounds
a disk in S parallel to ∂J 1, say S1, d1l ∪ d2l , with two arcs in S ∩ Wli , bounds a disk in
S parallel to ∂J 2, say S2. ∂S3 also has one component produced by cutting S along the
arcs incident to ∂1S which is trivial in ∂M3 as in Fig. 9(a). Hence this component bounds
a disk parallel to ∂J 3, say S3. Let S′ = S1 ∪ S3 ∪ S2. Then S′ is parallel to Mi ∩ ∂H with
∂S′ = ∂1S.
(iii) Now we prove that for a pattern as in Fig. 7(a) or (b), ν(xi2) = ν(xi3) = 0. Otherwise
may assume that in Fig. 7(b) ν(xi2) = ν(xi3) = 0. By what we proved in (ii), we may remove
the components of S having boundary components parallel to ∂Ei under consideration.
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(Hence may assume that ν(xi1) = 0.) Then S3 = S ∩ J 3 is incompressible in J 3 and ∂S3
contains 2ν(xi2) components c as in Fig. 9(b). By the construction, c does not bound a
disk in J 3. Since J 3 is a solid torus, each component of S3 is an annulus which is ∂-
compressible. Let D∗ be a ∂-compressing disk of an outermost annulus component of S3.
Note that the ∂-compressing disk D∗ can be isotoped so that D∗ ∩ ∂J 3 ⊂ Ei ∩ J 3. Then
back to Mi , D∗ is isotopic to one of D1,D2,D3 as in Fig. 10. In the case of D1 or D2,
one can push F along the disc to reduce |F ∩W |; In the case of D3, one can push F along
the disc to reduce |F ∩ (⋃Fi)|, but not to increase |F ∩W |. In each case, it contradicts the
minimality of C(F). 
Lemma 4.4. Each component of F ∩ M0 is isotopic to one of M0 ∩ ∂H and Ami where
m = e, f and 1 i  n.
Proof. Now We1 , . . . ,Wen,Wf1, . . . ,Wfn separates M0 into 2n solid tori Je1 , . . . , Jen ,
Jf1, . . . , Jfn and a 3-ball B30 such that Aei ⊂ Jei ,Afi ⊂ Jfi . By Lemma 4.3, for 1  i 
n − 1, the pattern of F ∩ Fi is as in Fig. 7(a) with ν(xi2) = ν(xi3) = 0.
Now n is either odd or even. May assume n is odd.
Then F ∩ Fn is as in one of Fig. 7(a) and (b). By Lemma 4.1, for each 1  i  n − 1.
ν(xi1) = ν(xn1 ) + ν(xn2 ).
We first claim that each component of F ∩M0 which has a boundary component parallel
to ∂En is isotopic to M0 ∩ ∂H .
Let ∂1S be an outermost boundary component of S = F ∩ M0 in xn1 . Then the n + 2
boundary components of S ∩ B30 produced by cutting along the arcs in W incident to
∂1S and outermost components in
⋃n−1
i=1 xi1 are trivial in ∂B
3
0 . Hence each of those n + 2
components bounds a disk in S parallel to ∂M0. (See Fig. 11(a) and (b), where we choose
n = 3 and therefore n + 2 = 5.) By the minimality of C(F), each component of S ∩ Jmi is
also parallel to Jmi ∩ ∂H where m = e, f and 1 i  n. Thus the component of S which
has ∂1S as a boundary component is isotopic to M0 ∩ ∂H .
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Now we claim that ν(xn2 ) = ν(xn3 ) = 0 in each of Fig. 7(a) and (b).
Suppose first that the pattern of F ∩ Fn is as in Fig. 7(b). Now the pattern of
F ∩ (⋃ni=1 Fi) is as in Fig. 12(a). Then all components of F ∩ B30 produced by cutting
along the arcs in W incident to components in xn2 ∪ xn3 and components in
⋃n−1
i=1 xi1 are as
in Fig. 12(b). By observation, there is a disk D∗ such that ∂D∗ = a ∪ b where a ⊂ Fn and
b ⊂ F are as in Fig. 12(b). Note that one endpoint of a lies in xn2 and the other lies in xn3 .
Thus back to M0, D∗ can be moved to be D3 as in Fig. 10. Now by doing a surgery on F
along D∗, we can obtain a surface F ′ isotopic to F , but C(F ′) < C(F), a contradiction.
Suppose then that the pattern of F ∩ Fn is as in Fig. 7(a). Now the pattern of
F ∩ (⋃ni=1 Fi) is as in Fig. 13(a). Then all components of F ∩ B30 produced by cutting
along the arcs in W incident to components in xn2 ∪ xn3 and components in
⋃n−1
i=1 xi1 are as
in Fig. 13(b). By observation, there is a disk D∗ such that ∂D∗ = a ∪ b where a ⊂ Fn and
b ⊂ F is as in Fig. 13(a). Note that one endpoint of a lies in xn2 and the other lies in xn3 . Thus
back to M0, D∗ can be moved to be D3 as in Fig. 10. Now by doing a surgery on F along
D∗, we can obtain a surface F ′ isotopic to F , but C(F ′) < C(F), a contradiction. 
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Fig. 14.
Lemma 4.5. Each component of F ∩ Mn is isotopic to Mn ∩ ∂H , or Akn , or Aln .
Proof. Now n is either odd or even. May assume that n is odd.
Then by Lemma 4.4 the pattern of F ∩ Fn is as in Fig. 7(a) with ν(xn2 ) = ν(xn3 ) = 0.
Now Wkn separates Mn into a solid torus containing Akn and a handlebody H ′ of genus two
containing Aln . All boundary components of F ∩ H ′ are in the four families z1, z2, z3, z4
as in Fig. 14, where z1 and z2 are produced by cutting along the arcs in Wkn incident to
the components in xn1 . It is easy to see that ν(z1) = ν(z2), each component of z3 ∪ z4 is
isotopic to one component of ∂Aln . Note that z1 ∪ z2 separates ∂H ′ into 2ν(z1)− 1 annuli
and a twice punctured torus, say T1, as in Fig. 14 such that
(1) The boundary of one annulus, denoted by A, is a union of an outermost component of
z1 and an outermost component of z2 as in Fig. 14, the boundary of each of the other
annuli is either contained in z1 or z2.
(2) ∂T1 is a union of an outermost component of z1 and an outermost component of z2.
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Now by construction (see Fig. 3), a non-trivial arc in Aln , with two arcs in Fn ∩ H ′ and
an arc in ∂H ′−(Fn ∪Aln), bounds a disk B∗ in H ′, where ∂B∗ is indicated in Fig. 14. Note
that each component in z3 ∪ z4 intersects B∗ in one point and each component of z1 ∪ z2
intersects B∗ in two points. Consider F ∩H ′ ∩B∗. Since F ∩H ′ is incompressible in H ′,
each component of F ∩ H ′ ∩ B∗ is an arc in both F ∩ H ′ and B∗. Thus the intersection
introduces a ∂-compressing disk of F ∩ H ′, say B∗∗, such that ∂B∗∗ = a ∪ b, where
b ⊂ (F ∩ H ′), a ⊂ (∂H ′ − intAln).
By the order of (z1 ∪ z2 ∪ z3 ∪ z4) ∩ ∂B∗ in ∂B∗, there are six possibilities:
(1) a ⊂ A, then one component of F ∩ Mn is isotopic to ∂H ∩ Mn.
(2) One endpoint of a lies in z3 and the other lies in z4. Now since a is disjoint from Aln .
That means that ν(z1) = 0. Thus each component of F ∩ (⋃Fi) is isotopic to ∂Aln .
(3) One endpoint of a lies in z3 ∪ z4 and the other lies in z1 ∪ z2. Then back to Mn, B∗∗
can be moved to be D1 as in Fig. 15.
(4) The two endpoints of a lies in z3(z4). Then back to Mn, B∗∗ can be moved to be D2
as in Fig. 15.
(5) The two endpoints of a lies in z1(z2). Then B∗∗ can be moved to be D3 as in Fig. 15.
(6) One endpoint of a lies in z1 and the other lies in z2 such that a ⊂ ∂T1. Now B∗∗ can
be moved to be D4 as in Fig. 15.
In each case of (3), (4), (5) and (6), by doing a surgery on F along Di , we can obtain a
surface F ′ isotopic to F such that C(F ′) < C(F), a contradiction.
By the above argument, it is easy to see that each component of F ∩ Mn is isotopic to
either Mn ∩ ∂H or Akn , or Aln . 
The proof of Theorem 1. Theorem 1 is immediately from Lemmas 3.1, 3.3, 3.4, 4.3–
4.5. 
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